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In this paper we brieﬂy address the consistency of formulations for nested surfaces plasticity and their kinematic hard-
ening translation rules. Some requirements for these formulations are then given. It is shown and discussed that multilayer
plasticity based on nested yield surfaces present some inconveniences when modelling multiaxial cyclic loading. On the
other hand, the use of hardening surfaces, instead of yield surfaces solves the problem partially. It is also shown that mul-
tilayer plasticity based on the Mro´z kinematic rule yields clearly diﬀerent multiaxial predictions when using the same uni-
axial bilinear curve and diﬀerent number of surfaces, which is a priori inconsistent since the same monotonic stress–strain
curve should not result into a clearly diﬀerent multiaxial behavior simply because of the discretization employed by the
user. It is demonstrated that, in contrast with the Mro´z translation rule, multilayer plasticity using the Prager translation
rule results in the same prediction regardless of the number of surfaces in which the hardening part of the bilinear curve is
discretized. This rule is also compliant with the principle of maximum dissipation. It also allows for a vanishing elastic
region without falling into theoretical or numerical diﬃculties. Hence, it should not be discarded when developing
advanced models.
 2007 Elsevier Ltd. All rights reserved.
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When modelling the plastic behavior of materials, specially during multiaxial cyclic loading, the classical
kinematic, isotropic and mixed models (e.g. Kojic´ and Bathe, 2005; Bathe and Monta´ns, 2004) are frequently
insuﬃcient. This is due to the fact that most materials exhibit a strongly nonlinear stress–strain plastic behav-
ior and, at the same time, they closely preserve Masing’s homological relation of two between virgin loading
and unloading, resulting in the typical hysteretic behavior with closed loops (Masing, 1926; Lemaitre and
Chaboche, 1990; Stephens et al., 2000; Kramer, 1996; Wu, 2005; Chen and Mizuno, 1990). Whereas isotropic,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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mulated (Bathe and Monta´ns, 2004), among them only linear kinematic hardening preserves the Masing rules,
which leads to an accurate description of the Bauschinger eﬀect and to the closed, stable hysteretical loops
present in many materials (Lemaitre and Chaboche, 1990; Stephens et al., 2000; Kramer, 1996; Chen and Miz-
uno, 1990; Wu, 2005; Khan and Huang, 1995).
In order to improve the modelling of the cyclic plastic behavior and its multiaxial extension by means of
workable phenomenological models, researchers have developed several types of models – overlay or sublayer
models (Cristﬁeld, 1998; Duwez, 1935; Besseling, 1958), nested surfaces plasticity (Mro´z, 1967; Iwan, 1967;
Prevost, 1993; Mro´z et al., 1979; Mro´z and Norris, 1982; Monta´ns, 2001; Monta´ns, 2004; Khoei and Jamali,
2005), bounding surface plasticity models (Dafalias and Popov, 1977; Krieg, 1975; Borja and Amies, 1994;
Borja et al., 1999; Dafalias and Herrmann, 1982; Khan and Huang, 1995; Borja et al., 2001; Monta´ns and
Borja, 2002), nonlinear kinematic hardening rules (Ohno, 1998; Ohno and Wang, 1991; Portier et al., 2000;
Chaboche and Nouailhas, 1989a; Chaboche and Nouailhas, 1989b; Chaboche et al., 1991; Sawyer et al.,
2001; Kobayashi and Ohno, 2002; Abdel-Karim and Ohno, 2000) based on the Armstrong–Frederick rule
(Armstrong and Frederick, 1966), endochronic theory of plasticity (Valanis, 1971; Valanis, 1980), etc. Among
these models, nested surfaces plasticity is arguably the preferred one by the users and, hence, it is explained in
many advanced textbooks on plasticity, see for example Lemaitre and Chaboche (1990), Wu (2005), Chen and
Mizuno (1990), Khan and Huang (1995), Cristﬁeld (1998), Lubliner (1990), Khoei (2005). The reason for this
preference is that it is simple to obtain the material parameters for this type of models: it is suﬃcient to dis-
cretize the stress–strain monotonic uniaxial curve into several segments. In this sense, it inherits the intuitive-
ness of the original overlay plasticity, but allows for a simple multiaxial extension. In uniaxial simulations, the
user gets the stress–strain curve that he/she prescribes. This family of models have received diﬀerent names in
the literature: nested surfaces plasticity, multilayer plasticity, Mro´z models, overlay models, multisurface kine-
matic hardening plasticity, etc.
Since the ﬁrst appearance of the family of models, researchers have used them extensively to simulate the
behavior of diﬀerent materials, both metals (Lemaitre and Chaboche, 1990; Wu, 2005; Khan and Huang,
1995; Cristﬁeld, 1998; Lubliner, 1990) and soils (Kramer, 1996; Chen and Mizuno, 1990; Prevost, 1993; Mro´z
et al., 1979), and the results are excellent when the load is proportional or almost proportional. However,
when the load is nonproportional the results are not always as good as expected (Monta´ns, 2001; Lamba
and Sidebottom, 1978; Jiang and Sehitoglu, 1996).
In this sense, the multiaxial behavior of multilayer plasticity depends strongly on the kinematic hardening
translation rule of the model. It is traditional that the rule employed in this type of models is the original one
proposed by Mro´z, although other rules have been proposed in the literature (Monta´ns, 2001; Lamba and
Sidebottom, 1978; Garud, 1981; Itoh et al., 2000; Jiang and Sehitoglu, 1994). Aside, only one translating sur-
face is usually considered at a time when integrating the stresses and, hence, when computing the eﬀective
hardening modulus. Therefore, it is crucial that, when extending the uniaxial monotonic stress–strain curve
to the multiaxial setting, we have uniquely deﬁned this multiaxial behavior, and we are aware of the actual
implications of the selected discretizations and related extensions.
In the next sections we will address these issues and we will give some insight into the problems encountered
when using multilayer models under multiaxial loading and in the devised solutions. In this paper we do not
pretend to propose a model that solves all the mentioned issues. We discuss some commonly used concepts
and highlight some requirements that a consistent and usable model should fulﬁll, and we remark that Prager’s
associative rule should not be discarded as translation rule for developing multiaxial hardening models which
fulﬁll those requirements.
We will restrict our formulations and considerations to J2 plasticity, but of course the same discussion
applies to any other yield criterion.2. Yield surfaces or hardening surfaces?
The key issue in multilayer plasticity is the use of several nested surfaces, each one with an associated
kinematic hardening modulus, in such a way that the monotonic stress–strain curve is discretized into several
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Haigh–Westergaard representation in Fig. 1a)Ff i ¼ s aik k  ri ð1Þ
where r is the Cauchy stress tensor and s = dev(r) is the deviatoric stress tensor, ai is the backstress of surface i
and ri are the radii of the surfaces. The operation kÆk is the norm of a second order tensor. Each surface trans-
lates according to the kinematic hardening translation rule until it reaches the next outer surface. The amount
of translation is given by the plastic modulus Hi associated to the surface. Usually these surfaces are consid-
ered as yield surfaces and, hence, the consistency condition which determines whether there is plastic loading is
given by the corresponding expression of the outermost surface which is translating. This surface is usually
called the active surface. In such a case, the active surface also serves for the computation of the consistency
parameter.
The importance of whether these surfaces are considered as subsequent yield surfaces or just hardening sur-
faces becomes evident in implicit plasticity, as shown in Fig. 2. In this ﬁgure the resulting backward-Euler
(radial return) ﬂow directions for both cases are shown. In Fig. 2a, the case in which the surfaces are consid-
ered as yield surfaces is given. In this case, if a = 2 is the active surface, the normalized ﬂow direction tþDtn^ at
‘time’ step t + Dt is computed from the ‘trial’ deviatoric stress state t+Dts* – elastic predictor, see Kojic´ and
Bathe (2005) astþDtn^ ¼
tþDts  taa
tþDts  taak k ð2Þwhere taa is the backstress of the active surface at time step t. As for notation, we follow Bathe (1996) and
Kojic´ and Bathe (2005). In Fig. 2b, the case in which the nested surfaces are considered just hardening surfaces
is depicted. Here the yield surface is always the ﬁrst, innermost surface, and the ﬂow direction is given bytþDtn^ ¼
tþDts  a1
tþDts  a1k k ð3Þwhere ta1 is the backstress tensor of the ﬁrst, yield surface. It is also clearly deduced that both the equivalent
hardening modulus and the consistency parameter increment will be diﬀerent in each case.
Furthermore, even in a continuum or explicit setting, if the outer surface is considered as the yield surface,
then in the case depicted in Fig. 3a it is possible for a time t > t to completely reverse the stress load virtually
without any plastic ﬂow. However, the alternative straight path will produce, ﬁrst an unloading and then plas-ig. 1. (a) Field of nested surfaces. (b) Uniaxial stress–strain curve and position of the surfaces during the loading process.
Fig. 2. Backward-Euler (radial return) algorithm. (a) Flow direction for the case of considering the surfaces as yield surfaces – consistency
is enforced at the active surface. (b) Flow direction for the case of considering the nested surfaces just as hardening surfaces – consistency is
enforced at the ﬁrst, yield surface.
Fig. 3. ‘Spiraling eﬀect’. (a) Quasielastic loading through the active surface. (b) Elastic unloading followed by plastic loading.
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ticity is path dependent, one of the paths is virtually elastic, whereas the other one is clearly plastic. If the mod-
el is consistent, given a known stress state, from this stress state it should not be possible to obtain the same
stress state using an elastic path than using a plastic proportional path, because the former is not path
dependent.
Aside, it is not clear how to justify that the elastic domain changes abruptly at the unloading instant from
the one speciﬁed by the active surface to the one speciﬁed by the ﬁrst surface. We also note that, during a sim-
ulation, unloading may occur just by numerical inaccuracies. Thus, the computational model should be vir-
tually insensible to such inaccuracies. Also, the change of active surface in the case of considering the
surfaces as yield surfaces produces an abrupt change in the ﬂow direction for a backward Euler algorithm
leading to additional numerical diﬃculties.
Of course, all the previous inconveniences are overcome if the nested surfaces are considered just as hard-
ening surfaces, not as yield surfaces. In this case the yield surface will always be the ﬁrst (innermost) surface.
This way, an unloading event will not aﬀect the elastic region nor the consistency condition. The ﬂow direction
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this type of continuity, it is amenable for a robust implicit implementation if the algorithm also preserves such
continuity. Hence, a consistent nested surfaces plasticity model should always use the same surface equation as
the yield function (limit of the elastic domain and where the consistency condition is enforced) and use the rest
of the surfaces just as hardening surfaces, i.e., just as a tool to describe the anisotropic hardening space and to
compute the eﬀective hardening modulus.
3. The principle of maximum dissipation
In the previous section we have discussed and concluded that the yield function must be always the same for
the nested surfaces model to be consistent. Under this hypothesis we consider the principle of maximum dis-
sipation. For simplicity and to be concrete, we restrict the following considerations to the case of the Mises
criterion, but the same comments apply to any other yield criterion. Let e the small strain tensor, a the back-





rY the radius of the yield surface, where rY is the initial
uniaxial yield stress. We follow the usual additive decomposition of the small strain rate tensor _e into an elastic
_eE and a plastic part _eP:_e ¼ _eE þ _eP ð4Þ
Then, the reduced dissipation inequality is written as (Monta´ns, 2001; Kojic´ and Bathe, 2005)DP ¼ r : _eP  a : _n j _fP 0 ð5Þ
where _n is an internal strain-like rate tensor, work-conjugate of the backstress tensor _a, _f is an internal strain-
like scalar work conjugate to the overstress j(rY). If the elastic domain is written in terms of the stress vari-
ables, f(r,a,j), we can write the constrained dissipation function as the LagrangianL r; a; jð Þ ¼ DP  _cf ¼ r : _eP  a : _n j _f _cf ð6Þ
where _c is the Lagrange multiplier, the consistency parameter. Note that the use of diﬀerent yield functions,
instead of just one yield function and multiple hardening surfaces, would entail the use of multiple Lagrange
multipliers and special care must be taken to reconcile the Kuhn–Tucker conditions in this case. The condition
of extremum is given byrL ¼ 0)
oL
or ¼ 0) _eP ¼ _c ofor
oL
oa ¼ 0) _n ¼  _c ofoa
oL
oj ¼ 0) _f ¼  _c ofoj
8><
>:
ð7Þand the complementary Kuhn–Tucker conditions and the consistency condition are_cP 0; f 6 0; _cf ¼ 0 and _c _f ¼ 0 ð8Þ
Thus, as it is well known, it is seen that the ﬂow and hardening rules given by Eq. (7) are the rules that preserve
the principle of maximum dissipation (or minimum stored energy). They are usually named the associated (or
associative) plastic ﬂow rule and the associated hardening rule. If we assume that the yield function is of the
form f(r  a,j), as in the case of J2-plasticity, where r  a is the current overstress (or eﬀective, net) tensor,
we obtain_eP ¼ _cn^ ¼ _n ð9Þ
i.e., the associated plastic ﬂow and the associated hardening direction are the same.
Returning to the von Mises yield criterion, it is then clear that the Mro´z hardening rule is nonassociative,
and hence it does not follow the principle of maximum dissipation. There is nothing erroneous using a non-
associative model. An example of nonassociative materials are soils in the volumetric component (Kramer,
1996; Chen and Mizuno, 1990; Wood, 1990). However, in this case there is a clear evidence of such behavior,
and the volumetric nonassociative ﬂow rule is obtained from experiments. In the case of the Mro´z translation
rule, the nonassociated hardening rule is justiﬁed just because of geometrical needs – such that the surfaces
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the one that is justiﬁed by energy principles.
Of course, there has been much research carried out to experimentally check the suitability of Mro´z’s trans-
lation rule (Monta´ns and Borja, 2002; Lamba and Sidebottom, 1978; Jiang and Sehitoglu, 1996; Hassan et al.,
1992; Hunsaker et al., 1976). These works have had diﬀerent degrees of success. However, as it will be shown
in the next Section, the conclusions using this rule are arguable.
4. Multiaxial extension from a uniaxial stress–strain curve
4.1. Consistency: the bilinear curve test
One of the main features of multilayer plasticity is the automatic multiaxial extension of a prescribed uni-
axial stress–strain curve. This multiaxial extension is only due to three ingredients: the yield and hardening
surfaces, the ﬂow rule and the hardening rule. For obvious reasons of simplicity, the hardening surfaces
are usually selected to be homological to the yield surface, which is formulated according to experiments.
The ﬂow rule is usually selected to be the associated ﬂow rule, unless experimental evidence contradicts such
hypothesis. As a result, the predicted multiaxial behavior is then only dependent on the selected multiaxial
hardening rule, which remains to be the only variable which may change such multiaxial predictions.
At this point several propositions are possible and have been made in the literature. However, any proposed
translation rule must fulﬁll two requirements. The ﬁrst one is that it must be continuously deﬁned in the whole
domain. Otherwise it would be questionable the reason of such abrupt change, and a robust numerical treat-
ment via an implicit algorithm would be impossible. The second one is that the translation rule is uniquely
deﬁned from the uniaxial stress–strain curve, because otherwise any conclusion about the predictions obtained
with such rule would be questionable, given that there would be diﬀerent possible translation rule directions
and, hence, diﬀerent possible multiaxial predictions. It will be shown that the Mro´z translation rule does not
fulﬁll the second condition, whereas Prager’s translation rule does.
Consider a bilinear uniaxial stress–strain curve, as shown in Fig. 4a. This bilinear curve may be discretized
into several segments, each one given by a prescribed stress–strain point. Since the curve is bilinear, the pre-
diction must be the same regardless of the number of segments used (because they are colinear). This must be,
of course, true in uniaxial test simulations. But it must also be true in multiaxial test simulations because the
only data we have prescribed are the uniaxial stress–strain points.
In Fig. 4b we show a prescribed multiaxial displacements path in a 1 · 1 · 1 ﬁnite element of 27 nodes with
mixed u  p formulation (Bathe, 1996) treated with plane stress boundary conditions. Simulations where run
using both the implicit Mro´z translation rule Monta´ns, 2000 and Prager’s translation rule Monta´ns, 2001. The
examples where run in 100 steps using the fully implicit integration algorithms of Caminero and Monta´ns
(2006) and Monta´ns (2001), respectively. However, for the simulation using the Mro´z model, a slightly cor-
rected uniaxial stress–strain curve was employed in order to improve convergence of the algorithm (the reason
for this need is explained below). Poisson’s ratio and prescribed stress–strain data are given in Table 1 – we
note that although strains of a 4% may not be considered small strains, the examples are just for demonstra-
tion purposes.
In Fig. 4c the predicted stress paths using the Prager translation rule are shown. For these predictions we
have employed 3, 5, and 9 surfaces that discretize the stress–strain curve shown in Fig. 4a. As it can be seen the
predicted stress path is completely independent of the number of surfaces employed, as it corresponds to the
exactly same stress–strain uniaxial curve. In Fig. 4d, the predicted responses using the Mro´z translation rule
are shown. It is seen that the predictions are clearly diﬀerent when using 3, 5 or 9 surfaces, whereas the same
uniaxial stress–strain curve was prescribed.
Of course one can argue that the actual behavior could be more closely represented by the predictions
shown in Fig. 4d. However, one should then specify to which predicted curve the experiments correlate better
and whether the speciﬁc optimum number of surfaces (and their size) is extendable to any other material and/
or diﬀerent prescribed paths. Aside, in a general curve, the adequate discretization of the uniaxial stress–strain
curve may require a diﬀerent number of surfaces than that required by the multiaxial extension in virtue of the
predicted paths.
Fig. 4. Consistency of the multiaxial behaviour of nested surfaces plasticity. (a) Bilinear uniaxial stress–strain curve used in the
simulations. (b) Prescribed displacements path. (c) Predictions obtained using Prager’s translation rule and diﬀerent number of surfaces.
(d) Idem using the implicit Mro´z translation rule.
Table 1
Parameters used in the bilinear material curve simulations
m = 0.3, Hn = 10
3Hn1, n = number of prescribed stress–strain points
Prager’s rule material curve (stress–strain data)
(n = 3) r! 300 500 900 N/mm2
e! 0.03 0.153 0.4 %
(n = 5) r! 300 500 700 800 900 N/mm2
e! 0.03 0.153 0.276 0.338 0.4 %
(n = 9) r! 300 375 450 525 600 675 750 825 900 N/mm2
e! 0.03 0.076 0.122 0.169 0.215 0.261 0.307 0.353 0.4 %
Mro´z’s rule material curve (slightly modiﬁed stress–strain data)
(n = 3) r! 300 500 892 N/mm2
e! 0.03 0.153 0.4 %
(n = 5) r! 300 500 693.6 792.8 892 N/mm2
e! 0.03 0.153 0.276 0.338 0.4 %
(n = 9) r! 300 375 450 520 592 669.6 743.2 816.8 892 N/mm2
e! 0.03 0.076 0.122 0.169 0.215 0.261 0.307 0.353 0.4 %
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type of implementation used, explicit (Mro´z, 1967), implicit (Monta´ns, 2000) or Garud (Garud, 1981). It is
also obtained regardless of the consideration of the surfaces as yield or hardening surfaces – the former, explic-
it case is also discussed by Jiang and Sehitoglu (1996).
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ﬁgure is valid whether the active surface a is a hardening surface or a yield surface. For the bilinear uniaxial
curve considered, in the case of surface a being a hardening surface the hardening modulus associated to the
active surface is inﬁnite (that we set as a large number) and in the case of surface a being a yield surface, the
hardening modulus associated to the surface is the equivalent hardening modulus. In both cases, the surface
translation direction – the hardening direction – is given by the tensor tm shown in Fig. 5a, and which is com-
puted from the homological (or image) contact point tsc at surface a + 1. Surface a + 1 has the same normal at
this contact point tsc as the stress tensor ts at the active surface a. The translation direction is then given byFig. 5.
Transltm ¼ tsc  ts ð10Þ
In Fig. 5b a new surface has been inserted, which for the bilinear case at hand has the same equivalent hard-
ening modulus associated. In the ﬁgure it is clearly shown how the translation direction is modiﬁed because of
this insertion. This is the main reason for the diﬀerence observed in the predictions shown in Fig. 4d. Aside, we
note that in this case it is possible that the scalar product tm : t _s < 0, resulting in a possible multiaxial softening
prediction (i.e., an unstable behavior).
The previous reasoning has been performed using the explicit Mro´z translation rule. If the implicit Mro´z
translation rule is used (which was the one used in the simulations in order to compare to Prager’s rule
and to avoid accumulative numerical errors typical in explicit computations), also diﬀerent multiaxial results
are obtained due to a change of translation direction when an additional hardening surface is inserted. This
fact is shown in Fig. 6. The implicit Mro´z translation rule (Monta´ns, 2000; Caminero and Monta´ns, 2006) is
formulated with the same objective of Mro´z in mind: the surfaces must not overlap and contact at the stress
point. However, in order to provide the continuity needed for implicit algorithms yet conserving the simplicity
of a scalar Equation (Kojic´ and Bathe, 1987), it is deﬁned directly from the trial stress state t+Dts*. From this
state, the contact point and its ﬂow direction under linear translation is computed at the target (a + 1) surface.
The ‘target’ ﬂow direction is given by Monta´ns (2000), Caminero and Monta´ns (2006)tþDt t^ ¼
tþDts  taaþ1
tþDts  taaþ1k k ð11ÞIf we deﬁne the ‘target’ position of the center of the active surface tþDta as (see dashed circle in Fig. 6a)tþDta ¼ taaþ1 þ raþ1  ra tþDt t^ ð12Þ
the implicit Mro´z translation direction for the active surface istþDtm ¼ tþDta taa ð13ÞInconsistency of the explicit Mro´z translation rule for bilinear stress–strain uniaxial curves. (a) Explicit Mro´z translation rule. (b)
ation rule after inserting one surface between the previous ones.
Fig. 6. Inconsistency of the implicit Mro´z translation rule for bilinear stress–strain uniaxial curves. (a) The implicit Mro´z translation rule.
(b) Translation rule after inserting one surface between the previous ones.
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the active surface instead of the yield surface. Hence, when a new surface is inserted, the translation rule
changes as shown in Fig. 6b. Then, we conclude that even for a bilinear stress–strain curve, the multiaxial pre-
dictions depend strongly on the number of surfaces.
In contrast, the use of Prager’s translation rule gives the same prediction because the hardening translation
rule is formulated in terms of the stress state and the yield surface alone, not in terms of other outer surfaces.
Those surfaces simply change the eﬀective hardening modulus, not the hardening direction. Hence, when a
surface becomes ‘active’, no change in the translation direction is performed. Of course in some applications
Prager’s translation rule may not be optimal, but whatever other translation rule is used in the models, it
should be formulated in terms of the yield surface (which should always be the same surface), the stress state
and the stress/strain rates. This way, an independence of the translation rule on the active surface is obtained
and, as a consequence, the multiaxial predictions will also be independent of the user’s discretization for the
same uniaxial stress–strain curve.
A ﬁnal comment is necessary on the slight modiﬁcation of the bilinear stress–strain uniaxial curve of Fig. 4a
used for the simulations employing the Mro´z translation rule. The actual stress–strain points used in the sim-
ulation are also shown in Table 1. For the case of Mro´z’s translation rule the hardening direction depends on
the active surface and, at the same time, the active hardening surface depends on the value of the consistency
parameter contribution of that surface Dca. The increment in the backstress is given bytþDtaa ¼ taa þ 2
3
Dca Ham^a ð14Þwhere taa is the backstress of the active surface at ‘‘time’’ step t, t+Dtaa is the backstress tensor of the active
surface at ‘‘time’’ step t + Dt, Ha is the uniaxial hardening modulus associated to the active surface a, and
m^a is the unitary hardening direction of such surface. Since in the bilinear case Ha !1, then Dca! 0 and
the local algorithm is badly conditioned, very sensitive to small variations in Dca, leading to numerical diﬃ-
culties. The regularization used by means of a very slight modiﬁcation of the original curve makes Ha large,
but ﬁnite, so Dca will also be a ﬁnite number to a machine precision. This procedure allows the Newton–Raph-
son algorithm to converge. This diﬃculty is not encountered using Prager’s translation rule because the model
and the computational algorithm are formulated with Dc1 (the contribution of the ﬁrst surface to the consis-
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the case at hand, and the algorithm is insensible to small variations in Dc1, making the Newton–Raphson local
algorithm numerically stable.
4.2. Uncontrolled multiaxial ratchetting
The basic nested surface plasticity models are formulated such that the uniaxial predictions, by construc-
tion, do not present any ratchetting. As it is well known, the model behaves as expected not showing such
uniaxial ratchetting. However, the same conclusion may not be obtained under multiaxial loading. In
Fig. 7a the discretization of a typical material curve using 9 surfaces is shown. Resulting stress-strain data
are given in Table 2. In Fig. 7b a shifted circular stress load path prescribed in the simulations using one ﬁnite
element under constant stress conditions is shown. A similar example was considered by Jiang and Sehitoglu,
1996. Fig. 8 shows the multiaxial strain predictions for 15 loops using both the Prager translation rule and the
implicit Mro´z translation rule. As it is seen, the Mro´z translation rule predicts almost a constant multiaxial
ratchetting rate, whereas the predicted loops for Prager’s rule are stable, without signiﬁcant multiaxial ratch-
etting eﬀects. For the case of the explicit Mro´z translation rule, a similar conclusion is obtained in Jiang and
Sehitoglu (1996). However in contrast with the results of that reference, in our simulations for the implicit
Mro´z translation rule we do not predict any shear strain ratchetting (note that shear stresses are symmetric).
From Fig. 8 it can be deduced that the Mro´z translation rule is able to predict ratchetting whereas Prager’s
rule is not (if not modiﬁed accordingly). Nonetheless, we note that there was no intention from the user to
predict any multiaxial ratchetting and, hence, the results in Fig. 8a should not be expected. In fact, no ratch-
etting has been modelled in the uniaxial curve. Hence, the predictions obtained using Prager’s rule are more
consistent with the prescribed uniaxial behaviour. In this sense, the ratchetting behavior of a model should be
something prescribed/modiﬁable by the user, not uncontrolled. The modelling of a controlled ratchetting
behavior using Prager’s rule may be modelled as an extension (additional feature) of the model.Fig. 7. (a) Stress–strain uniaxial curve, discretized in 9 surfaces, used in the circular path load example. (b) Prescribed stress load path.
Table 2
Parameters used in the nonlinear material curve simulations of Fig. 8
m = 0.3, Hn = 10
3Hn1, n = number of prescribed stress–strain points
Prager’s and Mro´z’s rules material curve (stress–strain data)
(n = 9) r! 300 400 470 520 600 650 730 800 850 N/mm2
e! 0.03 0.061 0.106 0.219 0.500 0.790 1.580 2.570 3.630 %
Mróz
Fig. 8. Multiaxial strain paths predictions for the material curve and loading path shown in Fig. 7. The results for a total of 15 load loops
are shown. (a) Predictions obtained with the implicit Mro´z translation rule. (c) Predictions obtained with the Prager translation rule. (b
and d) are details of (a and c), respectively.
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One of the sometimes mentioned handicaps of nested surfaces plasticity using the explicit version of Mro´z’s
translation rule is the diﬃculty encountered on the extension of the formulation to include isotropic hardening
as, for example, to model the cyclic hardening/softening frequently encountered in experiments. Since in this
case the actual image stress tensor is not known (because the new size of the surface is unknown), it is diﬃcult
to formulate the explicit Mro´z translation rule to avoid the overlapping of the surfaces. The same applies for
Garud’s translation rule. However, such diﬃculty is not so important when using the implicit Mro´z transla-
tion rule. As shown in Fig. 9a, the procedure to determine the implicit Mro´z translation rule remains basically
unaltered because the limit contact stress point t+Dtsc is still known, given that the limit consistency parameter
increment Dcmin (for a acting as target surface) can be explicitly determined from the trial stress state as – see
details in Caminero and Monta´ns (2006)Dcmin ¼




ð15Þand, hence, since the target surface size increment is usually given in terms of the consistency parameter incre-
ment, that size is known for the limit case of contact of the surfaces at the end of the step. The constant l is the
shear modulus and K is the isotropic hardening. At most, in the case of a nonlinear relation between the sur-
face radii increments and the consistency parameter – i.e. a nonlinear K(Dc) –, one scalar equation needs to be
solved previously in order to determine the implicit Mro´z translation rule.
On the other hand, there is no inconvenience in the isotropic hardening extension for a multilayer model
using Prager’s translation rule (see Fig. 9b), because both the hardening and ﬂow rules are given independently
Fig. 9. Inﬂuence of superposed cyclic isotropic hardening on the computed kinematic hardening translation rules. (a) Using the implicit
Mro´z translation rule. (b) Using the Prager rule.
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softening.6. The idea of a ‘‘vanishing’’ elastic region
The idea of a vanishing elastic region was ﬁrst introduced by Dafalias and Popov (1977) in order to model
materials in which the elastic range is negligible. Soils are one of those materials and, hence, the idea has been
frequently used in the simulation of their behavior (Mro´z et al., 1979; Borja and Amies, 1994; Monta´ns and
Borja, 2002). The concept has been used both to model the corner eﬀect in metals and to model the sometimes
called ‘‘hypoplastic’’ behavior Borja and Amies, 1994 of soils – a behavior in which the strain rate has a closer
direction to that of the stress rate; such concept should not be confused with the hypoplasticity formulation of
Kolymbas (1977) or with hypoelasticity. The employment of a vanishing elastic region has been strongly crit-
icized by Hashiguchi (1988). However it is noted that his criticism applies mainly to classical bounding surface
models, not to multilayer models.
In the case of multilayer models using Mro´z’s translation rule, the kinematic hardening rule is deﬁned in
terms of homological stress tensors. For the case of a vanishing yield surface, it would be impossible to deter-
mine in the second surface the homological stress tensor to the one in the ﬁrst, vanished one (every point in the
second surface would be homological to the stress tensor in the vanished yield surface), see Fig. 10a. Of course,
the yield surface may be set to be of small size, so the rule will be well deﬁned, as in Fig. 10a. However, the rule
would be very sensitive to small variations on the stress tensor. For the case of the employment of the implicit
Mro´z translation rule there is a diﬀerent diﬃculty. Since the implicit Mro´z translation rule has a restriction in
the size of two surfaces such that each surface has to be smaller than twice the previous one, see Monta´ns
(2000), then a ‘‘vanishing’’ elastic region would mean an intractable number of needed surfaces to discretize
the uniaxial stress–strain curve.
In the case of multilayer plasticity using Prager’s translation rule, there is no diﬃculty in handling virtually
vanishing elastic regions, because the rule is deﬁned in terms of the stress tensor and the yield surface itself, see
Fig. 10. The idea of a ‘vanishing’ elastic region. (a) Explicit Mro´z translation rule. (b) The Prager rule (implicit algorithm).
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plastic strain rates become aligned. This type of model with very small elastic region has been used successfully
in the simulation of the coupled multiaxial plastic behavior of a soil column during an earthquake (Monta´ns,
2001). The same idea of a vanishing elastic region using Prager’s translation rule has also been applied to a
(modiﬁed) virtual bounding surface plasticity with the same successful results (Monta´ns and Borja, 2002).
On the other hand, a model using Mro´z’s translation rule did not predicted the soil behavior with a compa-
rable accuracy (Monta´ns and Borja, 2002).
7. Predictions for the Lamba and Sidebottom experiments
The experimental results obtained by Lamba and Sidebottom (Lamba and Sidebottom, 1978) are frequent-
ly used to test the behaviour of multiaxial models. Lamba and Sidebottom (1978) also performed some com-
putational results and concluded that the Prager translation rule produced stress path predictions very
diﬀerent from those obtained from experiments, whereas Mro´z’s rule applied to Tresca’s yield surface gave
predictions closer to experimental results (using the von Mises yield surface reported predictions were also
unsatisfactory). However, the von Mises yield criterion is closer to experimental results as the classical exper-
iments of Taylor and Quinney show. The experiments in Lamba and Sidebottom (1978) have been used, for
example in Ohno and Wang (1993) to test models based on the Armstrong–Frederick rule.
In this section, we show that it is possible to obtain fairly good predictions using Prager’s rule, so the
(Lamba and Sidebottom, 1978) conclusions on the multiaxial prediction capabilities of Prager’s rule may
apply only to classical plasticity and/or to the speciﬁc data they used for their simulations. The following pre-
dictions have been obtained using the model and implicit algorithm of Monta´ns (2001), but we note that this is
not necessarily the only possible advanced model that uses Prager’s rule. During the simulations the plane
stress condition was enforced iteratively.
The imposed strain path is shown in Fig. 11a. The prescribed uniaxial stress–strain curve has been obtained




factor has been employed to convert the curve to the monotonic uniaxial one. Hence the part 0–1 of
Fig. 11b is just the prescribed uniaxial curve, which has been discretized in ﬁve surfaces. Paths 1–2–3–4–5–
6–7–8 are the obtained simulation. Fig. 11b shows the shear stress–shear strain curve, Fig. 11c shows the axial
stress–axial strain curve and Fig. 11d shows the shear stress–axial stress path. These ﬁgures can be compared
to the experimental ones given in (Lamba and Sidebottom, 1978), and it can be deduced that the model is able
to capture, in essence, the multiaxial behavior of those experiments. Of course it may be possible to develop a






Fig. 11. Predictions for the Lamba and Sidebottom, 1978 multiaxial experiments using the model of Monta´ns, 2001 based on Prager’s
rule. (a) Prescribed strain path. (b) Predicted shear stress–shear strain curve. (c) Predicted axial stress–axial strain curve. (d) Predicted
multiaxial stress path.
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model than on the translation rule.8. Conclusions
Nested surfaces plasticity presents an attractive way of modelling multiaxial nonlinear hardening from uni-
axial stress–strain experiments. They are simple to use and they preserve the Masing cyclic behavior yielding
loops close to those obtained in experiments. However, the use of these models should present consistent, pre-
dictable results not only under uniaxial, proportional loading but also under multiaxial loading. In this paper
we have brieﬂy addressed the consistency of the nested surfaces models and their translation rules under mul-
tiaxial loading. It has been shown that two inconsistencies are typically employed in these type of models. The
ﬁrst one is the use of multiple yield surfaces which become active or inactive during the simulations instead of a
single yield surface always active and multiple hardening surfaces. The second one is the use of translation rules
that are formulated in terms of the position of those surfaces, instead of being formulated simply depending
on the yield surface, the stress state and the stress/strain rates. The Mro´z and Garud translation rules are two
of such translation rules. It has been also shown that these rules are nonassociative and no convincing reason
has been given in the literature except for geometrical needs. Aside, in multilayer cyclic loading they do not
present stable cycles but predict a constant unpretended ratchetting. In contrast, the traditional Prager trans-
lation rule is associated and the multiaxial predictions depend only on the discretized uniaxial stress–strain
curve. The multiaxial cyclic predictions present also stable loops. Therefore, Prager’s rule should not be a dis-
F.J. Monta´ns, M.A. Caminero / International Journal of Solids and Structures 44 (2007) 5027–5042 5041carded option for developing advanced multilayer models unless sound experimental evidence advise against
its use.
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